Holographic complexity growth in a FLRW universe by An, Yu-Sen et al.
Holographic complexity growth in a FLRW universe
Yu-Sen Ana,b,∗ Rong-Gen Caia,b,† Li Lia,b,‡ and Yuxuan Penga,c§
aCAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,
Chinese Academy of Sciences, Beijing 100190, China
bSchool of Physical Sciences, University of Chinese Academy of Sciences,
No.19A Yuquan Road, Beijing 100049, P.R. China and
cEast China University of Technology, Nanchang, Jiangxi 330013, P.R. China
(Dated: October 22, 2019)
We investigate the holographic complexity growth rate of a conformal field theory in a FLRW
universe. We consider two ways to realize a FLRW spacetime from an Anti-de Sitter Schwarzschild
geometry. The first one is obtained by introducing a new foliation of the Schwarzschild geometry such
that the conformal boundary takes the FLRW form. The other one is to consider a brane universe
moving in the Schwarzschild background. For each case, we compute the complexity growth rate
in a closed universe and a flat universe by using both the complexity-volume and complexity-action
dualities. We find that there are two kinds of contributions to the growth rate: one is from the
interaction among the degrees of freedom, while the other one from the change of the spatial volume
of the universe. The behaviors of the growth rate depend on the details to realize the FLRW universe
as well as the holographic conjecture for the complexity. For the realization of the FLRW universe
on the asymptotic boundary, the leading divergent term for the complexity growth rate obeys a
volume law which is natural from the field theory viewpoint. For the brane universe scenario, the
complexity-volume and complexity-action conjectures give different results for the closed universe
case. A possible explanation of the inconsistency when the brane crosses the black hole horizon is
given based on the Lloyd bound.
I. INTRODUCTION
Anti-de Sitter/Conformal field theory (AdS/CFT) cor-
respondence has greatly deepened our understanding of
the quantum gravity [1–4]. In particular, motivated by
the holographic entanglement entropy [5], an intrinsic po-
tential connection between quantum information theory
and gravity physics has been uncovered. However, in
the context of the thermo-field double state (TFD state)
which is dual to the eternal black hole [6], it has been
shown that entanglement entropy can not capture all the
information during the evolution of an AdS wormhole [7].
As a more refined information quantity, complexity has
been proposed to describe the situation where entangle-
ment entropy fails, such as the wormhole growth behav-
ior far beyond the thermal equilibrium. Both the field
theory definition and the holographic definition of com-
plexity have received great attention. Although there are
many investigations on the complexity from field theory
side, such as [8–15], a unique and consistent definition is
still lacking. From the holographic point of view, there
are two proposals for complexity, known as complexity-
volume (CV) duality [16] and complexity-action (CA)
duality [17, 18]. There are many investigations regarding
their properties, such as the growth rate [19–26], the di-
vergence structure [27, 28] and the generalization beyond
Einstein gravity [29–34].
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While most works on the complexity growth rate con-
sidered the static case, the generalization to the time
dependent case is also quite interesting and it is worth-
while to study how the complexity evolves in a dynamical
process, for related studies on the Vaidya spacetime, see
Refs. [35–37].The investigation of the complexity can also
be generalized to states on other dynamical backgrounds
which correspond to different slices from gravity side,
such as de-Sitter boundary in Ref. [38]. Of particular
interest is the boundary metric that has the Friedman-
Lemaˆıtre-Robertson-Walker (FLRW) form, which might
lead to the understanding of the non-perturbative aspects
of cosmology.
In Ref. [39], starting with an AdS Schwarzschild black
hole, one can choose a different foliation away from the
black hole to make the metric time dependent and to
realize the boundary with the form of a FLRW space-
time. The Friedman equation can also be obtained by
considering the mixed boundary conditions on the new
slice. Holographically, the dual field theory on the FLRW
boundary may represent an expanding plasma and the
authors of Ref. [39] calculated its stress energy tensor
and entropy production. The paper [39] adopted the
Fefferman-Graham (FG)coordinates. Instead of going to
the FG coordinates, the author of Ref. [40] found a sim-
ple foliation of the AdS Schwarzschild black hole and got
the same FLRW metric on the boundary. It will be in-
teresting to investigate the complexity behavior of the
state on this time dependent boundary, and we hope the
results could have some new phenomenon due to the non-
equilibrium physics.
There are also other ways to realize the FLRW cos-
mology from the bulk AdS-Schwarzschild black hole,
such as introducing a co-dimension one brane. The
ar
X
iv
:1
90
9.
12
17
2v
2 
 [h
ep
-th
]  
21
 O
ct 
20
19
2original motivation to consider this realization is from
the holographic principle. The relation between cos-
mology and holography was first raised by Fischler and
Susskind [41]. After that, Erik Verlinde [42] investigated
the entropy bound and found that the entropy formula
called Cardy-Verlinde formula in a CFT can reproduce
the Friedman equation, which implies possible connec-
tion between CFT and FLRW universe. The various
arguments proposed in Ref. [42] has been naturally re-
alized in the brane-world scenerio in Ref. [43] where the
authors embedded the Randall-Sundrum type II brane
in the Schwarzschild AdS black hole. Randall-Sundrum
brane world was first proposed as a solution to the hier-
archy problem [44, 45]. Maldacena first pointed out that
the field theory on the brane should be seen as a CFT
coupled to gravity. This idea has been summarized in
Refs. [46, 47]. The spacetime ends on the brane, and the
brane can be seen as a time dependent boundary with
conformal radiation on it. It is also interesting to inves-
tigate the complexity evolution on the brane universe.
This paper is organized as follows. In Section II, we
compute the growth rate of the holographic complexity
for the FLRW type boundary theory and show the effect
of the time dependence on the complexity growth rate.
In Section III, we investigate the complexity growth rate
on the brane using both the CV and CA duality con-
jectures. We consider two cases: a spherical black hole
which corresponds to a closed universe and a planar black
brane which describes a flat universe. We show the time
evolution of the complexity growth rate. In section IV,
we summarize our results and discuss possible future di-
rections.
II. COMPLEXITY GROWTH ON THE FLRW
TYPE BOUNDARY
This section explores the holographic complexity of
some particular FLRW universe which lives on the
asymptotic AdS boundary. We briefly introduce the
background solution following the setup of Ref. [40].
Then we study the complexity growth with both the CA
and CV conjectures in details.
A. The metric
The (d + 1) dimensional static asymptotically AdS
black hole is described by the metric
ds2 = −f(r)dt2 + f(r)−1dr2 + Σ(r)2dΩ2k,d−1 , (1)
where f(r) ∼ r2/L2 and Σ(r) ∼ r/L at large r with L
the AdS radius. dΩ2k,d−1 denotes the line element of the
co-dimension two maximally symmetric subspace which
can be spherical (k = +1), planar (k = 0) or hyper-
bolic (k = −1), and we will use Ωk,d−1 to represent the
spatial volume of this subspace. Going to the Eddington-
Finkelstein coordinates {v, r, ...} via dv = dt + dr/f(r),
we write the metric as
ds2 = 2dvdr − f(r)dv2 + Σ(r)2dΩ2k,d−1 . (2)
We introduce the new radial coordinate R = ra(V ) and
the new time coordinate V , dv = dV/a(V ). Here a(V )
is some positive function of V . After plugging dv and
dr = a(V )dR + Ra˙(V )dV into the metric Eq.(2), and
taking the large R limit, one obtains the following time-
dependent metric.
ds2 ∼ 2dV dR+ R
2
L2
[−dV 2 + a(V )2dΩ2k,d−1] . (3)
It is obvious that the new conformal boundary at R→∞
has precisely the desired FLRW form with the time co-
ordinate V . Note that such a cosmological boundary is
not the same as the commonly used AdS boundary at
r →∞ where one has a static boundary metric. The en-
tropy density is given by the area of the apparent horizon
s =
Σ(Rha)
d−1
4G
, (4)
where G is the Newton constant and Rh is determined
by the equation
[∂V Σ + (
f(Ra)
2a2
−Ra˙
a
)∂RΣ]|R=Rh = 0 . (5)
We can also associate a local temperature to the black
hole as
T (V ) =
TH
a(V )
, (6)
where TH is the Hawking temperature of the black hole
of Eq.(1). In the present paper, we will focus on the
Schwarzschild-AdS black hole, for which the blackening
factor is
f(r) = k +
r2
L2
− 16piGM
(d− 1)Ωk,d−1rd−2 , (7)
and Σ(r) = r2/L2. Here M is the mass of the black
hole. The energy density can be calculated by using the
holographic renormalization procedure, and when d = 4
the result is
E = 3(a˙
2 + k)2 + 12M˜
64piGa4
, (8)
with
M˜ =
16piGML2
3 Ωk,3 r2
. (9)
In the following we will compute the complexity
growth rate associated with this FLRW foliation of the
Schwarzschild-AdS black hole using both the CV and CA
conjectures.
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FIG. 1. Penrose diagram for the two-sided eternal AdS black
hole. The CV conjecture is related to the size of an Einstein-
Rosen bridge (ERB) to the computational complexity of the
dual quantum state (left). The CA conjecture relates the
action of the Wheeler-Dewitt patch to the complexity of the
CFT state (right).
B. The complexity growth with CV conjecture
The CV and CA methods for computing the holo-
graphic complexity are shown schematically in the Pen-
rose diagrams in Fig. 1. The CV proposal is described in
the left panel: the maximal volume of the co-dimension
one surface connecting the endpoints on both time-
dependent boundaries is proportional to the complexity
of the boundary state:
CV =
max [V olume]
G`
, (10)
where ` is a dimensional constant which is usually cho-
sen to be equal to the AdS radius L. In the original CV
proposal the CFT lives on a static boundary, while we
will extend the original definition to a time-dependent
boundary. The calculation method mainly follows the
procedure provided in Ref. [21]. Note that the dual state
depends on two times tL and tR with subscripts L and R
representing the left and right boundary times, respec-
tively. We are interested in the symmetric configuration
with tL = tR.
As the maximal surface is symmetric with respect to
the innermost point of the surface located at the radial
coordinate rmin, we only need to focus on the right side
of the maximal surface from rmin to an UV cutoff, say
at rmax. Furthermore, the maximal surface has the same
symmetry as the horizon, and the volume of the maximal
surface can be expressed as
V olume = 2Ωk,d−1W , (11)
where
W =
∫ rmax
rmin
dλ
rd−1
Ld−1
√
−f(r)v′2 + 2v′r′ , (12)
with the prime denoting a derivative with respect to λ
which is the parameter describing the surface. Note that
the UV cutoff rmax will be taken to be infinity finally.
By solving the parameter equations of v(λ) and r(λ),
one can determine the maximal surface and calculate the
complexity growth rate. For more details about the com-
putation, one can consult Ref. [21].
The endpoint at the right cut-off boundary is cov-
ered by the Schwarzschild coordinates {tR, r}, and coor-
dinates {VR, R} simultaneously. The complexity growth
rate of our FLRW universe is proportional to the quantity
∂W/∂VR. According to the chain rule of differentiation,
it is given by
∂W
∂VR
∣∣∣
(VR,Rmax)
=
∂W (rmax, tR)
∂tR
∂tR
∂VR
∣∣∣
(VR,Rmax)
+
∂W (rmax, tR)
∂rmax
∂rmax
∂VR
∣∣∣
(VR,Rmax)
.
(13)
The partial derivatives are given by
∂W (rmax, tR)
∂tR
= −E ,
∂tR
∂VR
=
1
a(VR)
− Rmax
f(rmax)
a˙(VR) ,
∂W (rmax, tR)
∂rmax
=
1
f(rmax)
√
f(rmax)r
2(d−1)
max + E2 ,
∂rmax
∂VR
= a˙(VR)Rmax ,
(14)
where the dots denote the derivative with respect to VR,
and rmax = Rmaxa(VR). We have introduced a quantity
E which is the conserved charge on the ERB as W is
independent of the coordinate v. While E is constant for
a given ERB, it changes when the ERB evolves. It ap-
proaches 8piGLM(d−1)Ω0,d−1 at the late time limit for k = 0 case,
and has deviations from it due to curvature corrections
for k = 1 and k = −1 cases. The quantity E is fixed by
f(rmin) r
2(d−1)
min + E
2 = 0 . (15)
Since the maximal surface is symmetric, the innermost
point has the time coordinate t = 0. Moreover, E < 0 in
the upper half (black hole region) of the Penrose diagram.
Taking the limit Rmax → ∞ with VR fixed, for the
Schwarzschild-AdS black hole, Eq.(7), we arrive at
GL
2Ωk,d−1
∂CV
∂VR
∣∣∣
(VR,Rmax)
≈ −E
a
− 1
2
kL3ad−4a˙Rd−3max
+a˙LRd−1maxa
d−2 + · · ·
= −E
a
+
LRd−1max
d− 1
d
dVR
(ad−1)
−1
2
kL3ad−4a˙Rd−3max + · · · .(16)
where we have used f(rmax) ∝ R2maxa2/L2 at large Rmax.
Apart from the finite term −E/a, the result above con-
tains a leading divergent term (the second term) propor-
tional to the growth rate of the volume of the universe
4on the boundary. The third term of Eq.(16) is due to
the spatial curvature of the horizon and is vanishing for
the planar case, i.e. k = 0. Other sub-leading diver-
gent terms are denoted by “· · · ”. In particular, there
are no such sub-leading divergent terms when d = 4 as
Rmax →∞.
C. The complexity growth with CA conjecture
The CA conjecture is schematically shown in the right
panel of Fig. 1. The red lines are actually null sheets
starting from the two endpoints, A and B, on the bound-
ary, and the complexity is proportional to the action in
the region surrounded by these sheets, which is called the
“Wheeler-DeWitt(WDW)” patch:
CA =
Action of WDW patch
pi~
, (17)
with ~ the reduced Planck constant. The system we will
consider is described by the Einstein-Hilbert action with
a negative cosmological term, and therefore the black-
ening factor of Eq.(1) is given by Eq.(7). The method
for the calculation of the action in the presence of null
boundary has been developed by Ref. [19, 48, 49],where
the action reads
I =
1
16piG
∫
M
dd+1x
√−g (R− 2Λ)
+
1
8piG
∫
B
ddx
√
|h|K + 1
8piG
∫
Σ
dd−1x
√
ση
− 1
8piG
∫
B′
dξ dd−1x
√
γκ+
1
8piG
∫
Σ′
dd−1x
√
σa+ Icount .
(18)
Terms in the expression above are respectively bulk term,
Gibbons-Hawking-York(GHY) boundary term for space-
like or time-like boundary, Hayward joint term[50], null
boundary term, null joint term and counter term needed
to cancel the dependence of arbitrary normalization pa-
rameter.The joints η and a are constructed by the rules
summarized in Ref.[19].h,σ,γ is the determinant of the
induced metric of the corresponding hyper-surface and ξ
is the parameter of null hyper-surface, For simplicity, we
will choose affine parametrization and set κ = 0 in the
following, so the contribution of null boundary vanishes.
Following the analysis in the previous subsection, see
in particular Eq.(14), the complexity growth rate is given
by
∂CA
∂VR
|R=Rmax =
(
1
a(VR)
− Rmax
f(rmax)
a˙(VR)
)
∂CA
∂tR
+ a˙(VR)Rmax
∂CA
∂rmax
.
(19)
The term ∂CA∂tR has been already obtained in the litera-
ture [17, 18, 21]. Note that at the boundary Rmax →∞,
f(r) → (Rmaxa/L)2. So the second term in parentheses
vanishes. If we consider the late time limit, the first term
will reduce to 2Ma(V ) , where M is the energy of the bulk
static spacetime.
All we need to do is to calculate the second term, i.e.
the derivative of the complexity with respect to the r co-
ordinate. In order to do it, we first fix the boundary to
be located at a finite position R = Rmax and then take
the limit Rmax → ∞. According to Ref. [51], the UV
cutoff r = rmax will also induce a corresponding cutoff
surface at r = r0 near the singularity at r = 0, and as
rmax → ∞, r0 goes to 0. Below we will follow this pre-
scription. We present the formal derivation for general d
and take d = 4 in the final expression.
The bulk term of the action consists of three parts and
we denote the cutoff by rmax
IIbulk = −
dΩk,d−1
8piGL2
∫ rh
r0
rd−1(
tR
2
+ r∗(rmax)− r∗(r))dr ,
(20)
IIIbulk = −
dΩk,d−1
8piGL2
∫ rmax
rh
rd−12(r∗(rmax)− r∗(r))dr ,
(21)
IIIIbulk = −
dΩk,d−1
8piGL2
∫ rh
rm
rd−1(− tR
2
+ r∗(rmax)− r∗(r))dr ,
(22)
where rh is the horizon radius, r
∗ denotes the tortoise
coordinate defined by r∗ =
∫
dr
f(r) , and rm is the radius
of the point where the two past null sheets meet with
each other, as shown in the right plot of Fig. 1.
The surface term of the cutoff surface inside the hori-
zon is
If = −r
d−1Ωk,d−1
8piG
(∂rf(r) +
2(d− 1)f(r)
r
)
× ( tR
2
+ r∗(rmax)− r∗(r))|r=r0 .
(23)
There are also various joint terms. The joint term at the
point rm reads
Ijnt = −Ωk,d−1r
d−1
m
8piG
log
|f(rm)|
α2
, (24)
where α is a constant normalization parameter of the null
normal vector. The joint term at the surface inside the
horizon is
Ijnt,sing = −Ωk,d−1
8piG
rd−1 log |f(r)||r=r0 . (25)
Moreover, the two joint terms on the cutoff surfaces are
Ijnt,cut =
rd−1maxΩk,d−1
4piG
log
f(rmax)
α2
. (26)
In order to eliminate the dependence of the arbitrary
choice of the reparameterization, we also add a counter
term to the null boundary
Icount = −2
∫
dd−1xdξ
√
γΘlog|L˜Θ| , (27)
5where L˜ is an arbitrary length scale,and Θ =
(1/
√
γ)(∂
√
γ/∂ξ) is the expansion. Although this term
can modify the full time dependence of the complexity
growth, it has no effect on the late time result [52].
After that, we may take the derivative with respect to
rmax and then take rmax to infinity. We see that both
the surface term and the joint term inside the horizon
are vanishing. So only the bulk term and another three
joint terms contribute. The first bulk term is
dIIbulk
drmax
=
dΩk,d−1
8piGL2
rd−10 (
tR
2
+ r∗(rmax)− r∗(r0)) dr0
drmax
− Ωk,d−1
8piGL2
rdh − rd0
f(rmax)
.
(28)
Taking the limit rmax →∞, we find that this term van-
ishes due to the relation between r0 and rmax [51]. The
second bulk term at the boundary reads
dIIIbulk
drmax
= −dΩk,d−1
4piG
∫ rmax
rh
rd−1
f(rmax)
= −Ωk,d−1
4piG
rd−2max .
(29)
The third bulk term is given by
dIIIIbulk
drmax
= −dΩk,d−1
8piGL2
∫ rh
rm
rd−1
f(rmax)
dr , (30)
where we have used the relation −tR/2 + r∗(rmax) −
r∗(rm) = 0. This term also vanishes by taking rmax →
∞.
Next we consider the derivative of the boundary joint
terms.
dIjnt,cut
drmax
=
(d− 1)rd−2maxΩk,d−1
4piG
log
f(rmax)
α2
+
rd−1maxΩk,d−1
4piG
1
f(rmax)
df(rmax)
drmax
.
(31)
The joint term at rm is given by
dIjnt
drmax
=
dI
drm
drm
drmax
=− Ωd−1r
d−1
m
8piGf(rmax)
df(rm)
drm
− (d− 1)Ωd−1r
d−2
m
8piG
f(rm)
f(rmax)
log
|f(rm)|
α2
,
(32)
where we have used the relation drmdrmax =
f(rm)
f(rmax)
. We find
that this term also vanishes by taking the boundary limit
rmax →∞. Now the result depends on the choice α, and
one needs to consider the counter term which eliminates
such arbitrariness. We can take a special parametrization
ξ = r/α. It is worth noting that the final expression does
not depend on the choice of α . Following the result of
Ref. [21], the counter term contribution is given by
Icount =
Ωk,d−1
2piG
rd−1max(log
(d− 1)αL˜
rmax
+
1
d− 1)
− Ωk,d−1
4piG
rd−1m (log
(d− 1)αL˜
rm
+
1
d− 1) .
(33)
By taking the derivative with respect to rmax, we find
that the dependence of α cancels precisely with Eq.(31).
Then we obtain the result
∂CA
∂rmax
|rmax→∞ =
(d− 1)Ωk,d−1
4piG
rd−2max log
(d− 1)2L˜2f(rmax)
r2max
+
rd−2maxΩk,d−1
4piG
= (2(d− 1) log (d− 1)L˜
L
+ 1)
rd−2maxΩk,d−1
4piG
+ · · · ,
(34)
where we have used the boundary behavior of f(rmax)
as rmax → ∞, and the sub-leading divergent terms are
donoted by “· · · ”. Therefore, we arrival at the final result
∂CA
∂VR
|R = 1
a
∂CA
∂tR
+
d
dVR
(Rd−1maxa
d−1)C0 , (35)
with C0 =
2(d−1) log (d−1)L˜L +1
d−1
Ωk,d−1
4piG .
One finds that the complexity growth using the CA
conjecture gives very similar behavior as the CV conjec-
ture at leading order of rmax. The first term in Eq.(16)
is of just the same form as the first term in Eq.(35). The
second terms are the time derivatives of the spatial vol-
ume of the universe. For both conjectures, we will refer to
the first term as the “interaction part” as it comes from
the interaction of the field theory degrees of freedom on
the boundary, and the second term as the “volume part”
since it comes from the change of the spatial volume.
Note that when a(V ) = 1, the FLRW type boundary at
R = ∞ reduces to the static AdS asymptotic boundary.
Eq.(16) and Eq.(35) reduce todCVdtR = −
2Ωk,d−1
GNL
E and dCAdtR
respectively, so the evolution is the same as in Ref. [21].
III. COMPLEXITY GROWTH OF THE BRANE
COSMOLOGY
A. Brane in the AdS Schwarzschild black hole
background
The above section focuses on the complexity growth
of a CFT on a FLRW like background. One disadvan-
tage is that the scale factor a(τ) can be an arbitrary
function and is given by hand. There is another way to
realize the FLRW cosmology from the AdS Schwarzschild
black hole, inspired by the Randall-Sundrum model and
the holographic principle. The idea is to introduce a
lower dimensional brane with a constant tension in the
background of the (d+1) dimensional AdS Schwarzschild
black hole. The movement of the brane is described by
the following boundary action [43].
Lb = 1
8piG
∫
∂M
ddx
√
hK +
κ
8piG
∫
∂M
ddx
√
h , (36)
where K is the trace of the extrinsic curvature Kab, κ
is related to the tension of the brane and h is the deter-
minant of the induced metric hab on the surface of the
6brane ∂M . By varying this action we obtain the equation
of motion of the brane,
Kab =
κ
d− 1hab . (37)
We begin with the bulk geometry
ds2 =
1
f(a)
da2 − f(a)dt2 + a2dΩ2k,d−1 (38)
where f(a) is just the function of Eq.(7) with the radius r
replaced by a. Next, we introduce a new time parameter
τ and take t and a to be τ dependent with the follwing
constraint.
1
f(a)
(
da
dτ
)2 − f(a)( dt
dτ
)2 = −1 , (39)
which ensures that τ is the proper time on the brane. So
the brane is described by the parameter τ and the (d −
1)-dimensional cross-section. On the brane the induced
metric takes the form
ds2d = −dτ2 + a(τ)2dΩ2k,d−1 , (40)
which describes a standard FRW universe with a(τ) the
scale factor. From the brane equation of motion and the
constraint, we can get the relation between {t, a} and τ .
dt
dτ
=
a
Lf(a)
, (41)
(
da
dτ
)2
=
a2
L2
− f(a) . (42)
where we have set κ = 1/L as Ref. [43].
In this case, we can see that the scale factor on the
brane can be deduced from the equation of motion,
Eq.(42), once the background is fixed. It has been ar-
gued by Maldacena that the brane world should be in-
terpreted as a CFT on the brane coupled to gravity. As
the conformal field is coupled to gravity, the behavior of
complexity will be more complicated than the previous
case on the asymptotic AdS boundary. In contrast to
the previous section, the brane is now located at finite
radius. So the result is free from divergence.
By considering the time coordinate on the right brane,
the growth rate can be obtained by the chain rule
dC
dτ
=
∂C
∂tR
dtR
dτ
+
∂C
∂a
da
dτ
. (43)
There are two different effects in the equation above. The
first term is just the same as the first term in Eq.(16)
or Eq.(35). So we also call it the “interaction part”.
The second term includes the contribution of the volume
change, just like the second term in Eq.(16) or Eq.(35),
so we also refer to it as the “volume part”.
In the following we still stick to the picture of sym-
metric objects (maximal surface/WDW action) for both
FIG. 2. AdS domain wall for a spherical Schwartzchild black
hole which corresponds to a closed universe that expands to
a certain size and then contracts.
FIG. 3. AdS domain wall for a planar Schwartzchild black
brane which is related to a flat universe that will expand for-
ever.
CV and CA proposals, and obtain the final results by
considering the right side of the object and the endpoint
(tR, a) on the right side brane. We first examine the
k = 1 case corresponding to a closed universe that first
expands and then contracts on the brane (see Fig. 2).
Then we consider the k = 0 case which corresponds to
an ever-expanding open universe on the brane, shown in
Fig. 3.
7B. Complexity evolution for the closed universe:
the CV conjecture
According to the chain rule Eq.(43), the growth rate
is given by
dCV
dτ
=
2Ωk,d−1
GL
(
−E dtR
dτ
+
1
f(a)
√
f(a)a2(d−1) + E2
da
dτ
)
.
(44)
On the endpoint of the maximal surface, the time coor-
dinate tR is expressed by (see Ref. [32] for more details)
tR(τ) =
∫ a(τ)
rmin
dr
E
f(r)
√
f(r)r2(d−1) + E2
,
= −
∫ a(τ)
rmin
dr
√−f(rmin) rd−1min
f(r)
√
f(r)r2(d−1) − f(rmin) r2(d−1)min
.
(45)
On the other hand, tR(τ) should also satisfy the diffren-
tial equation Eq.(41). Therefore, one can find out the
relation between rmin and τ by combining Eqs.(41) and
(45). Then the complexity growth rate can be obtained
by putting rmin and τ into Eqs.(15) and (44).
First, we should determine the location and shape of
the brane. As we can see from Eqs.(41) and (42), they
depend on the spatial curvature, spacetime dimension as
well as the location of the horizon. In the present section
we will consider the closed universe in 4 dimensions, so we
fix k = 1 and d = 4. As we will show that the complexity
growth rate exhibits distinct behaviors for small and large
values of the horizon radius.
As a concrete example, let’s first consider the case with
the horizon radius at rh = L. By integrating Eq.(42) we
obtain a(τ)L =
√
2− τ2L2 with τ from−
√
2L to
√
2L, which
corresponds to the universe that first expands and then
contracts. The relation between t and τ is
t =
∫ τ
−√2L
adτ
Lf(a)
+ ti , (46)
with ti the integration constant. As the evolution of the
brane is symmetric, it will be convenient to choose ti by
the condition that t = 0 when τ = 0.We are interested
in the contraction phase of this closed universe starting
from τ = 0 with the initial state being |TFD(τ = 0)〉.
Comparing with Ref. [21], here we consider the evolu-
tion of TFD state in the contracting FLRW background.
When τ/L > 1, the brane begins to cross the horizon
of the AdS black hole and our description would become
un-trustable due to quantum corrections [42]. So in the
following discussion, we will restrict ourselves to the time
range before the brane crosses the horizon. We shall re-
turn to this point later. The time evolution behavior of
the complexity growth rate is shown in Fig. 4 and Fig. 5.
The non-monotonic behavior of the complexity growth
is observed in this case. The growth rate first rises as the
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FIG. 4. The complexity growth rate of the brane cosmology
for the closed universe in the CV conjecture. The dimension-
less quantities are τ/L and (d − 1)/(8piM)dCV /dτ . Here we
have chosen d = 4 and rh/L = 1. This figure shows the range
0 < τ/L < 0.054.
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FIG. 5. The complexity growth rate of the brane cosmology
for the closed universe in the CV conjecture. The dimension-
less quantities are τ/L and (d − 1)/(8piM)dCV /dτ . Here we
have considered the case with rh/L = 1 and d = 4. This
figure shows the range 0.054 < τ/L < 1.
time evolves, arrives at its maximum at a certain time,
and then it decreases monotonously. It becomes negative
at late time. One finds that the complexity will first in-
creases and then decreases, even though the universe is in
a contracting phase. However, if one increases the radius
of the black hole, there will be no such non-monotonic
behavior. As one can see from Fig. 6, the complexity
growth rate is negative and decreases all the time from
τ = 0. So the complexity of such contracting universe
decreases faster and faster.
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FIG. 6. The complexity growth rate of the brane cosmol-
ogy for the closed universe in the CV conjecture. We choose
a larger value of the horizon radius with rh/L = 5 and
dimension d = 4. The dimensionless quantities are τ/L
and (d − 1)/(8piM)dCV /dτ . This figure shows the range
0 < τ/L < 5.
C. Complexity evolution for the closed universe:
the CA conjecture
In this section we turn to the complexity growth rate
for the closed universe by using the CA conjecture. The
structure of the WDW patch is time dependent. There
is a critical time at τc(tc) before which the WDW patch
intersects two singularities and above which an additional
joint term forms due to the intersection of the past two
null segments. The critical time is can be obtained by
the relation tc =
∫ ac
0
da
f(a) ,where ac is the corresponding
position of the brane at that critical time.
Before the critical time, the action contains the bulk
term, the past and future surface terms, and two joint
terms at A and B (see Fig. 2). The bulk part consists of
three portions.
I1bulk = −
dΩ1,d−1
4piGL2
∫ rh
0
rd−1(t+ r∗(a)− r∗(r))dr , (47)
I2bulk = −
dΩ1,d−1
2piGL2
∫ a
rh
rd−1(r∗(a)− r∗(r))dr , (48)
I3bulk = −
dΩ1,d−1
4piGL2
∫ rh
0
rd−1(−t+r∗(a)−r∗(r))dr . (49)
Note that here we denote t to be the time on one side
boundary, and the total time is 2t. The surface term is
given by
Ipastsurf = −
rd−1Ω1,d−1
8piG
(∂rf(r) +
2(d− 1)
r
f(r))
× (−t+ r∗(a)− r∗(r))|r= ,
(50)
Ifuturesurf = −
rd−1Ω1,d−1
8piG
(∂rf(r) +
2(d− 1)
r
f(r))
× (t+ r∗(a)− r∗(r))|r= ,
(51)
where  is the infinitesimal cutoff near r = 0. Finally, the
joint term at the brane reads
IA+Bjnt =
ad−1Ω1,d−1
4piG
log
|f(a)|
α2
, (52)
where α is the normalization constant. As one can see
that the joint term depends on the affine parameter
whose choice is quite general. To cancel this ambigu-
ity, one needs to add the counter terms given by Eq.(27),
for simplicity we take L˜ = L. For the time before tc,
Icount =
Ω1,d−1
2piG
ad−1(log
(d− 1)αL
a
+
1
d− 1) . (53)
Now we are ready to calculate the complexity growth
rate. The bulk contribution is
dIbulk
dτ
= −Ω1,d−1
2piGL2
ad
f(a)
da
dτ
. (54)
The contribution from the two surface terms is
dIFsurf
dτ
=
drd−2h Ω1,d−1
8piG
(1 +
r2h
L2
)(
dt
dτ
+
1
f(a)
da
dτ
) , (55)
dIPsurf
dτ
=
drd−2h Ω1,d−1
8piG
(1 +
r2h
L2
)(− dt
dτ
+
1
f(a)
da
dτ
) . (56)
The part from the joint term at the brane reads
dIjnt(a)
dτ
=
(d− 1)Ω1,d−1ad−2
4piG
log
f(a)
α2
da
dτ
+
ad−1Ωk,d−1
4piG
1
f(a)
df(a)
da
da
dτ
.
(57)
The counter term contribution is
dIcount
dτ
=
(d− 1)Ω1,d−1
2piG
ad−2 log
αL(d− 1)
a
da
dτ
, (58)
and the contribution from the joint term at the singu-
larity vanishes. One can see that the whole time depen-
dence of the complexity comes from a(τ). We show the
complexity growth rate with respect to the time τ before
τc in the top panel of Fig. 7. The rate is negative and
decreases as τ is increased from τ = 0 to τ = τc.
After the critical time but before crossing the horizon,
the action has an additional joint term which is due to
the intersection of two past null surface, say at rm. Such
joint term contribution is given by
Ijnt = −Ωd−1r
d−1
m
8piG
log
|f(rm)|
α2
, (59)
with rm determined by
t+ r∗(rm)− r∗(a) = 0 . (60)
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FIG. 7. Time dependence of complexity for a closed universe
on a brane. We have adopted the CA conjecture and set
rh/L = 1 with the critical time τc/L = 0.11. Top panel:
the growth rate of the complexity before the critical time τc,
Bottom panel: the growth rate after the critical time.
So the growth rate of this joint term is
dIjnt(rm)
dτ
=− (d− 1)Ω1,d−1r
d−2
m
8piG
log
|f(rm)|
α2
drm
dτ
− r
d−1
m Ωk,d−1
8piG
1
f(rm)
df(rm)
drm
drm
dτ
.
(61)
The bulk parts read
I1bulk = −
dΩ1,d−1
4piGL2
∫ rh
0
rd−1(t+ r∗(a)− r∗(r))dr , (62)
I2bulk = −
dΩ1,d−1
2piGL2
∫ a
rh
rd−1(r∗(a)− r∗(r))dr , (63)
I3bulk = −
dΩ1,d−1
4piGL2
∫ rh
rm
rd−1(−t+r∗(a)−r∗(r))dr , (64)
and therefore,
dIbulk
dτ
= −Ω1,d−1r
d
m
4piGL2
dt
dτ
+
Ω1,d−1
4piGL2
rdm − 2ad
f(a)
da
dτ
. (65)
Now there is only one future boundary term, Eq.(55).
The joint term at the brane does not change, but the
counter term and its growth rate become different.
Icount =
Ω1,d−1
2piG
ad−1(log
(d− 1)αL
a
+
1
d− 1)
− Ωk,d−1
4piG
rd−1m (log
(d− 1)αL
rm
+
1
d− 1) ,
(66)
dIcount
dτ
=
(d− 1)Ω1,d−1
2piG
ad−2 log
αL(d− 1)
a
da
dτ
− (d− 1)Ωk,d−1
4piG
rd−2m log
αL(d− 1)
rm
drm
dτ
,
(67)
where drm/dτ can be obtained from Eq.(60). Combining
them together, we obtain the complexity growth rate.
We show the time evolution of the growth rate in Fig. 7.
As one can see, although the volume of the universe de-
creases, the growth rate is first negative but then sud-
denly becomes positive after the critical time τc. Here we
have chosen rh = L, but we have similar behaviors for
other values of rh. Note that the contribution from the
“interaction part” and the “volume part” to the complex-
ity growth has opposite effects. The “interaction part”
contribution may become dominant and the complexity
continues to grow even if the volume is contracting. In
particular, when the brane moves close to the horizon
(after τ ≈ 0.8 in Fig. 7), the complexity growth rate in-
creases very quickly and tends to diverge. Such unnatural
behavior motivates us to conjecture that there might be
some inconsistency when the brane is very close to the
horizon. We will show some evidence based on the Lloyd
bound [53] in the discussion section.
D. Complexity evolution for the spatially flat
universe
For the AdS spacetime, apart from the black hole with
spherical topology, there are also black hole solutions
with flat or hyperbolic horizons. It turns out that, for the
k = 0 black brane geometry, the co-dimension one brane
embedded in this background represents an expanding
flat universe and some of its thermodynamic behavior
was discussed in Ref. [54]. In this section we want to
investigate the complexity behavior on this flat universe.
Most of the steps for the calculation will be the same as
the closed universe case, so we will skim over the details
and will show the main results only.
First, we need to determine the evolution of the brane
universe. We focus on the four dimensional universe with
d = 4, for which the blackening factor reads f(a) =
a2
L2 (1 − r4h/a4) with rh the location of the horizon. The
differential equation Eq.(42) now becomes
da(τ)
dτ
=
r2h/L
a(τ)
, (68)
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FIG. 8. The complexity growth rate of the CV proposal for a
d = 4 flat universe in the background of a black brane. The
figure starts from t = 0 with τ ≈ 2.16L. The green curve is
the total complexity growth rate, and the blue curve is the one
due to the volume expansion. We see that the contribution
comes mainly from the volume expansion.
and the relation between the time t and τ is also given by
Eq.(41). As a typical example, we set rh/L = 1, then the
scale factor is given by a(τ) =
√
2τL. So the universe will
expand forever and never contract. For the present case,
the time when the brane universe crosses the horizon is
at τ = 12L. There is a free parameter t0 when the brane
crosses the horizon by solving Eq (41) , this parameter
just labels how far the two flat universes are from each
other. Below,we choose a specific case with t0 = −6L.
The time-evolution behavior from the CV proposal is
shown in Fig. 8. One can see that the complexity growth
rate is positive and increases all the time. It is quite
different from the case for the closed universe in Fig.4,
where the complexity growth rate first increases and then
decreases.
For the CA case, we first need to determine the WDW
patch, which depends on the two functions r∗(a)−r∗(0)−
t and r∗(a)− r∗(0) + t. We plot both functions in Fig. 9.
The WDW patch forms the past null joint when r∗(a)−
r∗(0)−t < 0 and the future null joint when r∗(a)−r∗(0)+
t < 0. From Fig. 9, we can find that the critical time τc
when the past joint term forms is τc = 2.97L.
In order to compare with the static case, we consider
the evolution from t = 0. At t = 0, we prepare the TFD
state |TFD(0)〉FRW and then evolve it along the τ direc-
tion. According to Eq. (41), when t = 0, τ starts from
τ = 2.16L. Before the critical time τc, the complexity
evolution totally comes from the expansion of the vol-
ume, which is shown in the top panel of Fig. 10. After
the critical time, as one can see from the bottom panel of
Fig. 10, the main contribution of the growth rate is also
from the volume expansion.
r*(a) - r*(0) - t r*(a) - r*(0) + t
��� ��� ��� ��� ��� ��� ���
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τ/�
FIG. 9. The green line represents the function r∗(a)−r∗(0)−t,
and the red line is for r∗(a) − r∗(0) + t. We consider the
evolution after the brane crosses the horizon. We see clearly
that when 0.5L < τ < 1.73L, there is one future joint term
and we denote the positon to be rm1. For 1.73L < τ < 2.97L,
there is no joint term, the WDW patch intersects the two
singularities. For τ > 2.97L, the WDW patch has a past
joint term with its location at rm2.
IV. SUMMARY OF RESULTS AND
DISCUSSION
In this paper we have studied the behaviors of the com-
plexity growth rate during some kinds of cosmological
evolution in the context of the AdS/CFT correspondence
and the brane world framework in an AdS Schwarzschild
black hole background. We have considered a closed uni-
verse and a flat universe by using then CV and CA con-
jectures. Here we summarize our analysis and main re-
sults.
In section II, we have investigated the complexity
growth rate of a TFD state defined on the FLRW type
slice located at the asymptotic AdS boundary. Both the
CV and CA conjectures give a similar result. We also
note that for the CV case, there are also additional sub-
leading terms and one particular contribution due to the
spatial curvature. The complexity growth rate consists
of two parts. For the first part of Eq.(35), which we
called “interaction term”, the complexity growth rate is
decreasing for an expanding background and vice versa.
On the other hand, the second part is proportional to
the growth rate of the spatial volume of boundary and is
called “volume term”.
The behavior of the “interaction term” can be under-
stood as follows. For the TFD state, after preparing the
|TFD(0)〉 state by Euclidean path integral at t = 0, one
considers that there are two localized operators OL(x)
and OR(x) at left and right boundaries, respectively.
As time evolves, because of the interaction in the right
boundary system, OR affects and correlates with more
and more degrees of freedom in the right side. The origi-
nal correlation between OL and OR is distributed among
many degrees of freedom, and OL correlates with many
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FIG. 10. The complexity growth rate in the CA conjecture
for the flat brane universe. Top panel: complexity growth
rate for τ < τc. Bottom panel: complexity growth rate for
τ > τc. The green curve is the total complexity growth, and
the blue curve is the complexity growth due to the volume
expansion. We see that the contribution comes mainly from
the volume expansion part.
other operators on the right besides OR. So the cor-
relation between OL(t, x) and OR(t, x) decreases, which
can be easily seen from the decrease of mutual informa-
tion and correlation function. Meanwhile, the system
becomes more complex because the original OR is scram-
bling into many degrees of freedom. These explain the
complexity growth for the TFD state. When the space
is expanding or contracting, the spreading of OR will de-
crease or increase, respectively. So, while the complexity
still grows, the growth rate will slow down or increase,
depending on the evolution of the background.
For the volume term of Eq.(35), we see that there
is some divergence in the complexity growth rate when
Rmax → ∞. To be more concrete, we introduce the UV
cutoff  = L/Rmax, and the volume term can be rewrit-
ten as
1
d− 1
d
dτ
(
Ld−1ad−1
d−1
) . (69)
One finds that such divergent term obeys a volume law.
This result is quite natural from the field theory point
of view. Note that from the field theory definition of
complexity, the leading contribution of complexity is in-
deed the volume law. For example, with an appropriate
choice of the cost function and the reference frequency,
the complexity of free field theory is given by [8]
C = V
δd−1
, (70)
with δ the UV cutoff and V the volume of the space where
the field theory is defined. A simple physical picture is
as follows. As the volume expands, there appears many
new degrees of freedom which also appear in the compu-
tation process. So the complexity will increase and be
proportional to the growth of the background volume.
In Section III, we focus on the brane cosmology for
which the FLRW universe lives in a brane located at finite
radius of an AdS black hole. We have considered both
the closed universe k = 1 and the flat universe k = 0.
Now as the conformal radiation field is coupled to grav-
ity, there are some modifications to the above two terms.
It is worthy pointing out that in the brane cosmology
setup, the complexity growth rate is free of UV diver-
gence. The behavior of the complexity growth using CV
duality and CA duality is different. For the CV duality,
the main contribution always comes from the “volume
part”. For the closed universe with k = 1, the complex-
ity growth behavior also depends on the horizon radius
rh. When rh/L is small, the growth rate first increases
and then decreases. When rh/L is large, the growth rate
decreases monotonically and is always negative due to
the contraction of the volume. For the flat case with
k = 0, the universe on the brane expands. It has been
found that the complexity growth rate is positive due to
the expansion of the volume, and in both cases the “in-
teraction part” plays little role. But for the CA duality,
there is some competition between the “interaction part”
and the “volume part”. For the k = 1 case, the complex-
ity growth rate is at first negative, but after the critical
time τc, it becomes positive, which is quite different from
the CV calculation. For the k = 0 case, the complexity
growth rate always grows with its contribution mainly
from the volume expansion.
In this work, we have denoted the mass of the black
hole by M . But we should note that M is not the energy
of the expanding/contracting universe on the brane. So it
does not relate to the Lloyd bound. The physical energy
of the brane universe was given by the author of Ref. [42]:
E = M
L
a
, (71)
which depends on the evolution of the universe. The re-
lation between total boundary time t = τL + τR = 2τ
and the complexity growth rate divided by the physical
energy, 12E
dCA
dt , is presented in Fig. 11 for k = 1 case.
Interpretating complexity growth as computation, there
is a physical bound for the growth rate conjectured by
Lloyd [53]. Previous studies considered Lloyd bound in
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FIG. 11. The complexity growth rate in the CA conjecture
for the closed brane universe with rh = L and d = 4. Be-
fore time t = 1.6L, the complexity growth satisfies the Lloyd
bound, while after that time as the brane cross the horizon,
the complexity growth rate increase quickly again and thus
violates the Lloyd bound
a static boundary [17, 18, 21]. Here we would like to dis-
cuss the Lloyd bound when the background is changing
over time, more specifically during the cosmic evolution
we have studied. The k = 1 case is of particular interest.
The universe is now in a contracting phase, and therefore
the contribution from the “volume part” is negative. So
the vast growth of complexity growth rate after the criti-
cal time τc is due to the interaction among the degrees of
freedom. However, as shown in Fig. 11, when the brane
is near the horizon, the complexity growth rate becomes
badly divergent hence the Lloyd bound is violated. As
this complexity growth divergence is due to the first “in-
teraction part” of Eq.(35), it becomes very strange why
the computation can be so fast, which is far beyond the
physical constraint of the energy-time uncertainty rela-
tion. In Ref. [43], the author argued that when the brane
crosses the horizon, the Casimir energy due to quantum
corrections will no longer be small such that this period
may not be trustworthy. In our work, based on the com-
plexity growth rate, we give further evidence that there
might be some inconsistency when the brane crosses the
horizon.
Many open questions and challenges remain. The au-
thors of Ref. [51] investigated the complexity growth rate
for the T T¯ deformed CFT on the boundary at finite ra-
dius. They found that in order to make the late time
complexity growth rate to satisfy the Lloyd bound, one
has to introduce a corresponding cutoff surface inside the
horizon with its position determined by the outside cutoff
surface. For k = 0 case, the position of the brane inside
the horizon, say at r0, and the cutoff radius, say at rc,
have a simple relation for the AdS5 case.
r0r
2
c = r
3
h . (72)
It means that in the construction of the bulk from the
boundary evolution, when the evolution is changed, for
example, from H to HT T¯ , the bulk should be changed
accordingly, and an additional brane inside the horizon is
formed. In our brane-world scenario, similar thing may
happen. It will be interesting to investigate where the
new brane is. The introduction of the inside brane might
provide a mechanism to prevent the brane from entering
the horizon and to cure the inconsistency we found in
Fig. 11.
Note that in this work we have only investigated the
complexity growth rate on the expanding/contracting
universe from the holographic side. It will be also im-
portant to understand our results from the field theory
point of view. We could use the Fubini-Study metric [9]
to define the complexity and to check if the complexity
of free field theory defined on the expanding/contracting
background will exhibit a similar behavior as our holo-
graphic results. We leave the analysis to the future work.
In the present paper, we have only considered a simple
case to obtain the brane cosmology in the Schwarzschild
black hole. There are many complicated constructions
based on other black holes, such as Refs. [55–57]. It would
also be interesting to study the complexity for a generic
FLRW background and to see if there are new features.
Note added: As this paper was in preparation, there
has been an related paper studying the holographic com-
plexity in FLRW spacetimes [58]. In contrast to our
setup, that paper considered a holographic screen in the
FLRW universe, and investigated the complexity growth
rate of a CFT defined on the screen.
ACKNOWLEDGMENTS
Y.-.S An would like to thank Zhuo-Yu Xian for valu-
able discussion on the result. L.Li is supported by
the Chinese Academy of Sciences (CAS) Hundred-Talent
Program. Y.X. Peng is supported in part by the National
Postdoctoral Program for Innovative Talents with Grant
No. BX201700259. R.-G. Cai was supported in part by
the National Natural Science Foundation of China Grants
Nos.11435006, 11647601, 11821505, 11851302, 11847612
and by the Key Research Program of Frontier Sciences
of CAS
[1] J. M. Maldacena, “The Large N limit of superconformal
field theories and supergravity,” Int. J. Theor. Phys. 38
(1999) 1113–1133, arXiv:hep-th/9711200 [hep-th].
[Adv. Theor. Math. Phys.2,231(1998)].
[2] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov,
“Gauge theory correlators from noncritical string
13
theory,” Phys. Lett. B428 (1998) 105–114,
arXiv:hep-th/9802109 [hep-th].
[3] E. Witten, “Anti-de Sitter space and holography,” Adv.
Theor. Math. Phys. 2 (1998) 253–291,
arXiv:hep-th/9802150 [hep-th].
[4] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri,
and Y. Oz, “Large N field theories, string theory and
gravity,” Phys. Rept. 323 (2000) 183–386,
arXiv:hep-th/9905111 [hep-th].
[5] S. Ryu and T. Takayanagi, “Holographic derivation of
entanglement entropy from AdS/CFT,” Phys. Rev. Lett.
96 (2006) 181602, arXiv:hep-th/0603001 [hep-th].
[6] J. M. Maldacena, “Eternal black holes in anti-de
Sitter,” JHEP 04 (2003) 021, arXiv:hep-th/0106112
[hep-th].
[7] T. Hartman and J. Maldacena, “Time Evolution of
Entanglement Entropy from Black Hole Interiors,”
JHEP 05 (2013) 014, arXiv:1303.1080 [hep-th].
[8] R. Jefferson and R. C. Myers, “Circuit complexity in
quantum field theory,” JHEP 10 (2017) 107,
arXiv:1707.08570 [hep-th].
[9] S. Chapman, M. P. Heller, H. Marrochio, and
F. Pastawski, “Toward a Definition of Complexity for
Quantum Field Theory States,” Phys. Rev. Lett. 120
no. 12, (2018) 121602, arXiv:1707.08582 [hep-th].
[10] R.-Q. Yang, Y.-S. An, C. Niu, C.-Y. Zhang, and K.-Y.
Kim, “Principles and symmetries of complexity in
quantum field theory,” Eur. Phys. J. C79 no. 2, (2019)
109, arXiv:1803.01797 [hep-th].
[11] R.-Q. Yang, Y.-S. An, C. Niu, C.-Y. Zhang, and K.-Y.
Kim, “To be unitary-invariant or not?: a simple but
non-trivial proposal for the complexity between states
in quantum mechanics/field theory,” arXiv:1906.02063
[hep-th].
[12] R.-Q. Yang, Y.-S. An, C. Niu, C.-Y. Zhang, and K.-Y.
Kim, “More on complexity of operators in quantum
field theory,” JHEP 03 (2019) 161, arXiv:1809.06678
[hep-th].
[13] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi, and
K. Watanabe, “Liouville Action as Path-Integral
Complexity: From Continuous Tensor Networks to
AdS/CFT,” JHEP 11 (2017) 097, arXiv:1706.07056
[hep-th].
[14] A. Bhattacharyya, P. Caputa, S. R. Das, N. Kundu,
M. Miyaji, and T. Takayanagi, “Path-Integral
Complexity for Perturbed CFTs,” JHEP 07 (2018) 086,
arXiv:1804.01999 [hep-th].
[15] R. Khan, C. Krishnan, and S. Sharma, “Circuit
Complexity in Fermionic Field Theory,” Phys. Rev.
D98 no. 12, (2018) 126001, arXiv:1801.07620
[hep-th].
[16] D. Stanford and L. Susskind, “Complexity and Shock
Wave Geometries,” Phys. Rev. D90 no. 12, (2014)
126007, arXiv:1406.2678 [hep-th].
[17] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle,
and Y. Zhao, “Holographic Complexity Equals Bulk
Action?,” Phys. Rev. Lett. 116 no. 19, (2016) 191301,
arXiv:1509.07876 [hep-th].
[18] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle,
and Y. Zhao, “Complexity, action, and black holes,”
Phys. Rev. D93 no. 8, (2016) 086006,
arXiv:1512.04993 [hep-th].
[19] L. Lehner, R. C. Myers, E. Poisson, and R. D. Sorkin,
“Gravitational action with null boundaries,” Phys. Rev.
D94 no. 8, (2016) 084046, arXiv:1609.00207
[hep-th].
[20] Y.-G. Miao and L. Zhao, “Complexity-action duality of
the shock wave geometry in a massive gravity theory,”
Phys. Rev. D97 no. 2, (2018) 024035,
arXiv:1708.01779 [hep-th].
[21] D. Carmi, S. Chapman, H. Marrochio, R. C. Myers, and
S. Sugishita, “On the Time Dependence of Holographic
Complexity,” JHEP 11 (2017) 188, arXiv:1709.10184
[hep-th].
[22] Y.-S. An and R.-H. Peng, “Effect of the dilaton on
holographic complexity growth,” Phys. Rev. D97 no. 6,
(2018) 066022, arXiv:1801.03638 [hep-th].
[23] R.-G. Cai, M. Sasaki, and S.-J. Wang, “Action growth
of charged black holes with a single horizon,” Phys.
Rev. D95 no. 12, (2017) 124002, arXiv:1702.06766
[gr-qc].
[24] J. Jiang and B.-X. Ge, “Investigating two counting
methods of the holographic complexity,” Phys. Rev.
D99 no. 12, (2019) 126006, arXiv:1905.08447
[hep-th].
[25] J. Jiang, B. Deng, and X.-W. Li, “Holographic
complexity of charged Taub-NUT-AdS black holes,”
Phys. Rev. D100 no. 6, (2019) 066007,
arXiv:1908.06565 [hep-th].
[26] S. Mahapatra and P. Roy, “On the time dependence of
holographic complexity in a dynamical Einstein-dilaton
model,” JHEP 11 (2018) 138, arXiv:1808.09917
[hep-th].
[27] D. Carmi, R. C. Myers, and P. Rath, “Comments on
Holographic Complexity,” JHEP 03 (2017) 118,
arXiv:1612.00433 [hep-th].
[28] R.-Q. Yang, C. Niu, and K.-Y. Kim, “Surface
Counterterms and Regularized Holographic
Complexity,” JHEP 09 (2017) 042, arXiv:1701.03706
[hep-th].
[29] R.-G. Cai, S.-M. Ruan, S.-J. Wang, R.-Q. Yang, and
R.-H. Peng, “Action growth for AdS black holes,”
JHEP 09 (2016) 161, arXiv:1606.08307 [gr-qc].
[30] J. Jiang, “Action growth rate for a higher curvature
gravitational theory,” Phys. Rev. D98 no. 8, (2018)
086018, arXiv:1810.00758 [hep-th].
[31] P. A. Cano, R. A. Hennigar, and H. Marrochio,
“Complexity Growth Rate in Lovelock Gravity,” Phys.
Rev. Lett. 121 no. 12, (2018) 121602,
arXiv:1803.02795 [hep-th].
[32] Y.-S. An, R.-G. Cai, and Y. Peng, “Time Dependence
of Holographic Complexity in Gauss-Bonnet Gravity,”
Phys. Rev. D98 no. 10, (2018) 106013,
arXiv:1805.07775 [hep-th].
[33] J. Jiang and X.-W. Li, “Adjusted complexity equals
action conjecture,” Phys. Rev. D100 no. 6, (2019)
066026, arXiv:1903.05476 [hep-th].
[34] J. Jiang and H. Zhang, “Surface term, corner term, and
action growth in F (Rabcd) gravity theory,” Phys. Rev.
D99 no. 8, (2019) 086005, arXiv:1806.10312
[hep-th].
[35] S. Chapman, H. Marrochio, and R. C. Myers,
“Holographic complexity in Vaidya spacetimes. Part I,”
JHEP 06 (2018) 046, arXiv:1804.07410 [hep-th].
[36] S. Chapman, H. Marrochio, and R. C. Myers,
“Holographic complexity in Vaidya spacetimes. Part
II,” JHEP 06 (2018) 114, arXiv:1805.07262 [hep-th].
[37] J. Jiang, “Holographic complexity in charged Vaidya
14
black hole,” Eur. Phys. J. C79 no. 2, (2019) 130,
arXiv:1811.07347 [hep-th].
[38] A. Reynolds and S. F. Ross, “Complexity in de Sitter
Space,” Class. Quant. Grav. 34 no. 17, (2017) 175013,
arXiv:1706.03788 [hep-th].
[39] P. S. Apostolopoulos, G. Siopsis, and N. Tetradis,
“Cosmology from an AdS Schwarzschild black hole via
holography,” Phys. Rev. Lett. 102 (2009) 151301,
arXiv:0809.3505 [hep-th].
[40] G. Camilo, “Expanding plasmas from Anti de Sitter
black holes,” Eur. Phys. J. C76 no. 12, (2016) 682,
arXiv:1609.07116 [hep-th].
[41] W. Fischler and L. Susskind, “Holography and
cosmology,” arXiv:hep-th/9806039 [hep-th].
[42] E. P. Verlinde, “On the holographic principle in a
radiation dominated universe,” arXiv:hep-th/0008140
[hep-th].
[43] I. Savonije and E. P. Verlinde, “CFT and entropy on
the brane,” Phys. Lett. B507 (2001) 305–311,
arXiv:hep-th/0102042 [hep-th].
[44] L. Randall and R. Sundrum, “An Alternative to
compactification,” Phys. Rev. Lett. 83 (1999)
4690–4693, arXiv:hep-th/9906064 [hep-th].
[45] L. Randall and R. Sundrum, “A Large mass hierarchy
from a small extra dimension,” Phys. Rev. Lett. 83
(1999) 3370–3373, arXiv:hep-ph/9905221 [hep-ph].
[46] S. S. Gubser, “AdS / CFT and gravity,” Phys. Rev.
D63 (2001) 084017, arXiv:hep-th/9912001 [hep-th].
[47] S. W. Hawking, T. Hertog, and H. S. Reall, “Brane new
world,” Phys. Rev. D62 (2000) 043501,
arXiv:hep-th/0003052 [hep-th].
[48] K. Parattu, S. Chakraborty, B. R. Majhi, and
T. Padmanabhan, “A Boundary Term for the
Gravitational Action with Null Boundaries,” Gen. Rel.
Grav. 48 no. 7, (2016) 94, arXiv:1501.01053 [gr-qc].
[49] K. Parattu, S. Chakraborty, and T. Padmanabhan,
“Variational Principle for Gravity with Null and
Non-null boundaries: A Unified Boundary
Counter-term,” Eur. Phys. J. C76 no. 3, (2016) 129,
arXiv:1602.07546 [gr-qc].
[50] G. Hayward, “Gravitational action for space-times with
nonsmooth boundaries,” Phys. Rev. D47 (1993)
3275–3280.
[51] A. Akhavan, M. Alishahiha, A. Naseh, and H. Zolfi,
“Complexity and Behind the Horizon Cut Off,” JHEP
12 (2018) 090, arXiv:1810.12015 [hep-th].
[52] M. Alishahiha, A. Faraji Astaneh, M. R.
Mohammadi Mozaffar, and A. Mollabashi, “Complexity
Growth with Lifshitz Scaling and Hyperscaling
Violation,” JHEP 07 (2018) 042, arXiv:1802.06740
[hep-th].
[53] S. Lloyd, “Ultimate physical limits to computation,”
Nature 406 no. 6799, (2000) 1047.
[54] D. Youm, “The Cardy-Verlinde formula and topological
AdS-Schwarzschild black holes,” Phys. Lett. B515
(2001) 170–174, arXiv:hep-th/0105093 [hep-th].
[55] R.-G. Cai, Y. S. Myung, and N. Ohta, “Bekenstein
bound, holography and brane cosmology in charged
black hole background,” Class. Quant. Grav. 18 (2001)
5429–5440, arXiv:hep-th/0105070 [hep-th].
[56] R.-G. Cai and Y.-Z. Zhang, “Holography and brane
cosmology in domain wall backgrounds,” Phys. Rev.
D64 (2001) 104015, arXiv:hep-th/0105214 [hep-th].
[57] W.-L. Xu, A.-C. Li, and Y.-C. Huang, “Dynamic
domain wall in charged dilaton black hole spacetimes,”
arXiv:1901.02155 [gr-qc].
[58] R. J. Caginalp, “Holographic Complexity in FRW
Spacetimes,” arXiv:1906.02227 [hep-th].
